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2.1 Decision Diagram

Decision Diagram(DD)2| 71 &2 switching circuit 1f Boolean logic O A{ £ E{ H|Z EIC}. Lee(1959)'0| A binary-
decision program 2| 7§ E0| XS H|QtE|H node & &%t decision representation O XS M A|Z|RACt O|Of| A LEO}Z,
Akers(1978)%1t Bryant(1986)32| ®+E &3l data structure O| X} graphical representation 2| HE{E 7% DD 7}

MIAI=|RLCL CHSH Boolean function 2 LIEHLH= =2 A DD & X|S7HA| AR E[D QUCE

X310l M 9| DD £ solution space Ofl Ci$t representation 22 K-8 M A|Z| ALt Solution counting 2] =72 XS
AEEHOLE branch-and-bound scheme 2 AFE St Lai, Pedram and Vrudhula(1994)*2] AL} relaxation 2| 7HE =

M &¢t Behle o A+, S& Sl FAt Ciet 8= & 7HXA =IUCH

2 =g A0 MY 2ESHA 28E|= HEf2| DD O|Af, 0/1 Problem O] M Hgtot HEf= reduced
ordered binary decision diagram(RO-BDD)O|LC}. 0/1 Problem Off Ci$} canonical representation O A, CFFSH | & 2}

YHES HEY 4+ 9On HUNOE T JH53 Holg RELL

2.1.1 Exact Decision Diagram

Exact Decision Diagram 2 O{[H3t =g XMz}t £ 9| solution space & 2™ SHA LIEIL = DD 2 Y& O|Ct. Exact
DD 2| root node 22 H terminal node 7tX| 7t path &= StLt2| solution Off T & &|H, Exact DD 2| 420f= root

node E5H terminal node £ &5t= EE path 2| set 2 set of all feasible solutions 2t & 2 3}LC}

Exact DD 2| layer 2 22} 8}LIO| variable & LtEFHCT 20 XM O 2 O|sfE 4= ULt Layer & HESHH
constraint O] [h2} 753t feasible solution 0| EH &0, construction O] &t 0|Z0f| root node 1t terminal node &

AZS= path T shortest path, =& longest path & 71510 X|H|E 73 5= ULt

Fig. 1 Ol O|2{3t Exact DD 2| 7|2 HQ 255 =Y + AUCH

1 C. Y. Lee. Representation of switching circuits by binary-decision programs. Bell Systems Technical Journal, 38:985-999, 1959.

25, B. Akers. Binary decision diagrams. IEEE Transactions on Computers, C-27:509-516, 1978.

3 R. E. Bryant. Graph-based algorithms for boolean function manipulation. IEEE Transactions on Computers, C-35:677-691, 1986.

4Y-T. Lai, M. Pedram, and S. B. K. Vrudhula. EVBDD-based algorithms for integer linear programming, spectral transformation, and function decompo sition. IEEE Transactions on Computer-Aided Design of Integrated Circuits
and Systems, 13:959-975,1994.
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Fig. 1.1: Exact DD representation of a knapsack problem (Reference from Bergman et al.)
Exact DD € TtE= W2 &= XXz EH|2| dynamic programming(DP) formulation & &-83%tCt DP
formulation 2| recursive 3t E42 AME3}0, Exact DD O] A&l 5 layer 72| ZHA £ state transition function 22
LIEHHCE Oh2tA| Exact DD 2| construction 232 DP formulation 2 &%t state space, transition function, transition

cost function, 12|11 root value 2| 2|0 2} top-down 22 O|FO{ZICt 2| 4 742 4= 2H|0f L2}

rot

formulation & TS| OF SFCt EESH formulation 2 EAIO) 2} DD o] 20| F =2 FX|2X| &2 Fo|g 2ot

ALt 0] 212t Exact DD 2| top-down construction 0l CHSF pseudocode & Algorithm 1 0f| A 2+Qlgt 4= QUC}

AN

Algorithm 1 Exact DD Top-Down Compilation
I: Create node » =7 and let L; = {r}
2: for j=1tondo
3 letL; =0

4 foralluecl;andd € D; do

5

6

7

if ¢ (u, a’} # 0 then
let u' =tj(u.d),add ' to Ly, and set by(u) = u', v(u,u") = h;(u,u')
: Merge nodes in L, . into terminal node t

Top-down construction 11 constraint propogation & HI'E 22 2t Exact DD g L 1E2|EE MEHM=

e
o

M AIZ|Lt, DP formulation O] ZX3H= 0/1 Knapsack problem 2| AL0= &% 7b itk

Rl
rE

tErgH T}

- AN

O Moz HotEY 4= U= F=22 Exact DD 2| H{E2H0|Ct ZEX 2 E & solution space Off T3 full
counting 2| €&0|7| {Z0f IAH HEZXO[X| 2 #L D, state explosion Off 0§ 3 SHCH O 2{Lt, exact B optimum
solution & H&$HCHHE MojlA= EX0| st & 0|1, construction & 22 layer 0| A 52t state 7 At Ehalist
42 22| 2241 computational time 25 &AA|Z 5= AL} O] = problem structure Of et 22|10 sfE
problem 2| test case (M= Hetd S =Qlot £ ALEE|0{OF BtC},




2.1.2 Relaxed Decision Diagram

Relaxed Decision Diagram = Exact DD 2 AFSHX| 2 =8t XX} ZH| 2| relaxation & LIEFLHDY, O] 2{ %t
relaxation 2 2 QI3f| Exact DD 2t CHEA ® 7H9| path = infeasible solution & LIEFL 7| = Lt O|Of [}2} Relaxed

DD = solution Of L2t upper bound & XS5, solution space Of LSt superset & LIEHHTE

Relaxed DD Of A O|2{3t relaxation 2 Wdt= 22 node merging O|Ct. Construction O| 0| width parameter 2

HY3 5, £ layer O node &7t width & £S5t node LS EHetstCt 0|23 1PE 2 S3ll node 2 HA| X QI
== EOEXT, 748 74He T path 2 == E0{LIY infeasible solution O] &g == QUCE Node 2| =7t

In

=0l

ZE0{F22XM computational time 2 £ 5 U1, node merging 2| 22Xl #+32 Sl Exact DD ELC} 27

1

construction 12 OFE 4= QUCH Exact DD 2t Relaxed DD 2| H| W= Fig. 2 Of| A Ztolgh = QULCE.

X

X3

Xy

X3

Fig. 2: Comparison of an Exact DD and Relaxed DD representation.

Relaxed DD = Exact DD 2| 7|=2XQl =& &&SHX|T, F7Hoz AFY £20| M 7HX| ACH R, fI01M
AZt width parameter O|C}. S 2 B~ & relaxation 2| aggresiveness & 2|0|3t7| = StH, width & EL+=
optimal path 7t relax & =&2 50{LtX[Tt computational time & &Y &= UCE BIIHE, width & =0|™ exact
representation Of Zt7HX| X2t L3 0| 842 HOJEICE M, node merging MM O™ node & merge EX|
MERSH= node select heuristic O] AL 7o 2HAI0|= O 2] ZHX[7F /LXK TF optimal path & = =5 relaxation SHA| Q&=
A bound quality Off 2222, 22| state formulation Of 2} suboptimal 8t node € merge St=& F+35IH H50|

22tZtCt AR, node merge £ O1E A & A QIX| 478 3t= node merge operator O] RACE sHY ALK AHEXLIL




A7t state formulation Of 2t HASHA Ho|SHH EICh 0|2{3t QAF50| A E Relaxed DD 2| construction 1M 2

LIEHA pseudocode & Algorithm 3 0| A 2HQlst 4= QICt

Algorithm 3 Relaxed DD Top-Down Compilation for Maximum Width
1: Create node » =7 andlet L; = {r}

2: for j=1tondo

3:  while |L;| > W do

4 let M = node_select(L;), L; + (L;\ M)U{®(M)}

5 forallu:@LJ randi€D; \»1thb(}uwd0

6: bi(u) < &(M), v(a;i(u)) < Iy (v(ai(u))  bi(u))

70 letL; =0

80 forallucl; ar}d d € D(x;) do

9 if ¢; (u,d) # 0 then

0 lete =1 (u,d), add ' 1o L, 1, and set by(u) = u', v(u,u’) = h;(u,1’)
1

: Merge nodes in L, into terminal node ¢

2.1.3 Restricted Decision Diagram

Restricted Decision Diagram & Exact DD 2t R AMSEA|2F 28t & H 2t 20| CHS primal heuristic & LIEFLHT,
restriction ’E 22 QIS EHE|= path & QI ZE path 7t feasible path O|X|2t 7| E2| optimal path 7t §{01 & ==

RACE. O|of [t2t Restricted DD £ solution O] CH3H lower bound & X&33HH, solution space Off Ci$t subset & LIEFHCE

Restricted DD 0| A= node exclusion O] &-&EICt 7| = Relaxed DD 0| A& node merging & E38ll path & {X|¢t
8™, node exclusion 0| M= node @ &7 O|E X|Lt= 2E path £ X|-2LCt. Relaxed DD 2F OFEH7LX| 2 width
parameter & @& M, 3HE layer 0| A node & X[ R0 O|F X|Lt= path 7t 25 X|QITICE Node 2| =7t E0|F2 2 A

computational time 2 £ 2= ULt Exact DD 2 Restricted DD 9| H|ul= Fig. 3 O A] =l o= QIC},

).‘| 9/ 3
,
X 0! 0
- ¢
X zI 0 g
X4 o %7 Iz
X5 %, o
(a) (b)

Fig 3: Comparison of an Exact DD and Restricted DD respresentation.




Restricted DD 3t Relaxed DD 2 FASHA 278 2&0] £ 7kX| ACH R, 2t &Lt width parameter 2
MY 2 QUCH =W, 21 |FAFSH node selection heuristic O] LCH O|& Relaxed DD @ OHEFZHX| 2, problem
structure 2 HH'E 2 2 sub-optimal node & Y0tLt SAE 22 exclude St= X[0f 2t #3129 50| Z7JEIC Relaxed
DD 2t CtEA| operator O] & 2X|7t &|X| &= O| 7= valid relaxation 2| =7 I§ZO|C}t. Relaxed DD 2| merge
operator 2 superset 2 LIEFLHOF 3170, valid 3t relaxation O]0OF SFX| 2, exclusion 2 Z20& 2{stX| &7|0
THO| LM 2 ZHTHSIDE Restricted DD 2 713 142 Relaxed DD 2 72| & 5tH, node merging L4l node

exclusion 2 SCH= XHO|SFO| @ICH.

2.1.4 Branch-and-Bound Algorithm

2 MAO| A HMA|St= Branch-and-Bound(BB) Algorithm 2 integer programming(IP)2| branch-and-bound
scheme & HIE 22 StCt General IP solver 1F 22 A4S 50, ME0|AM= O|Z DD YHETES AL L= EHOIM
O|o|E &H BItstLt

2 Ze[EF2 3A M 7tX| Y2l E HE ez FHECH AR, Relaxed DD 2F Restricted DD & 25 solution

space Of CHet &S LHX|ISHX| B Exact DD O A 2| optimal path 7 merge/exclude T X| Q4-+=Ct™M Relaxed/Restricted

DD £ optimal solution 2 BFetSCt =M, Relaxed DD 2} Restricted DD 2| solution quality £ construction 50| 2tolg

-~

rr

= UX|T ZHZE2 optimal solution Off CH8F upper/lower bound & LEEFHCE [IF2HA], construction S 0f bound
property & PtESIX| 26CHH, 8|S diagram £ 0= optimal path 7t &8 &Qlg 4 QUC} OFX|2t 2 2, Relaxed

DD 2t Restricted DD 2| 7+32 Exact DD 2L} computational time O| Z 7|0, solution space Of CHSH exact

representation 2 2%} ot= A MY Xl LRO|CH

O|E HIE2 2 BB Algorithm 2 Ct21t 22 HE2 2 dHECH XM, Relaxed DD & THE 7, solution space O
CHS relaxed representation O| E|= layer £ B B2 ZISWSICE 0= general IP branch-and-bound 0| A{ linear
relaxation 22 upper bound & T6t= 181 2Lk =M, relax € node & root node E 6}, Restricted DD &
=L} Ol= O 3t variable 0| A integer constraint & &850 possiblle solution 2 T5t= A1t Z Lt Restricted
DD Ol A H|A|El lower bound 7t O{Ef7IHX| 2| solution & MY A LM optimal path 2 FE 7} EICH BHSF Jower bound 7+

H ZCHH bound 7t M-&E|0, node EM0| pass = Ct. AW, S§E node & root node 2 5t0, Relaxed DD & THEL}.




Ol O{= ot variable 242 HI'E 2 branch = 171 Z L} Relaxed DD 2| solution space 7F O{ C|77HX| exact $HA|
golst =, Q| UM S HHEBICE 8t path 7} exact StH L1252 ZAL| M, optimal solution O HA|EIC}. 3%
2 n2|Z0 st pseudocode & Algorithm 6 0| Af &HQlgh o~ QUC}H

Algorithm 6 Branch-and-Bound Algorithm
1: initialize Q = {r}, where r is the initial DP state

2: let zgpy = —oo, Vi (r) =0

3: while O # 0 do

4:  u <+ select-node(Q), @ « Q" {u}

5. create restricted BDD B, using Algorithm 1 with root u and v, = v*(u)
6: ifv(B,) > Zopt then

7 Zopt V' (B')

8 if B), is not exact then

9: create relaxed BDD B, using Algorithm 1 with root & and v, = v*(u)
10: if vi(By) > zop then B
11: let § be an exact cutset of B,
12: for all ¥’ € S do a
13: let v¥(u') = v*(u) +v*(By), add u' to Q

14: return zyy

2.1.5 Variable Ordering

Exact DD 2| 7310 A Of 2 XX o=z =0l 75 £&20[X| 2, DD 2| top-down construction I8 & variable
ordering & DD 2| overall size 0| 2 @&2 7| Xt 22 ZH|0f| Cigt Exact DD representation 2 &, variable ordering
SHLPEH HE O = 7| = FES Fig. 4 Ol &l = UL

X ! Y1

X2 : 32

X3 : 3

X4 : Y4

X5 ! Vs

X6 ! Yo
(a)

Fig. 4: Comparison of identical representation using different variable ordering.

A2fLt, & 9| variable ordering 2 T5t= A EBF NP-hard problem O|LCt.




2.2 Knapsack Problem

Z| XM 210j M 2| Knapsack Problem 2 23| 2 &= = X FYOICt CHYot B E 7HX[ 11 U #E 2, Knapsack
Problem A @O0 A XY ZtCtst HEf & SHLEQI 0/1 Knapsack Problem Of| = exact method 1t approximation method
D= CHESHA M8 QUL £ dynamic programming formulation 2 Z7HA| 1 QUCH=E HOAl £ Ao X etst

Mot A2t FIHHL.

2.2.1 Problem Formulation

0/1 Knapsack Problem 2 0|2 Z&F2| item O] US= 7HHSIH, 0|2{8t item 2 ZHZ weight 2F value £ 7H& 2

7t

rot

CF ZF item 2 copy 7t 1 ZH% 810l @104, knapsack Off €= B2 (1-arc), E= EX| &= BR(0-arc), T F
7kX| 540l QICH Knapsack 9| capacity & EX| 2 HA, & value 2| S ZICH3ISHE item 2] =S F8l= 2Tt 00

L3 mathematical model formulation 2 Ct2 1} ZHCt,

For a set of n total items numbered from 1 to n, each with a weight w; and a value v;, and a knapsack with a total capacity of W

n
Maximize Z vV X;
i=1
n
(s.t.)Zwixi <w
i=1
x; € {0, 1} (binary variable)
0/1 Knapsack Problem 2| dynamic programming formulation 2 current capacity & HHE 22 SHCt O] =
item O M 2| 0-arc 2t 1-arc Of| [Tt2} HEF= current capacity S HFE'S 2 recursive 3t 2| =ICt. 0]2{$t DP solution 2

O(nW) time 2 2, pseudopolynomial time & ZtZXICt oY ¥2|F

o

XHHMOZ A= L2 Section 3.1 O|X| 2

0|2{$t dynamic programming formulation & HHE' 2 2 DD 9| state formulation 2 2Ct £0| & LX He= XD,
0/1 Knapsack Problem 2| A20f|= item & 2+ order O] £238}7]0] state formulation 2 TtHEstA &= Al |2[5ICH

ASE formulation 2 Cr21F ZHCh:

m(0,w) =0
m(i, w)=m@—-1, w)ifw,; >W —-w (0 —arc)
m(, w)=max(m@—1, w), mi—-1, w—w)+ v;ifw, <W—-w (1—arc)

10




2.2.2 State Formulation

2 S0 M= 0/1 Knapsack Problem 2| dynamic programming formulation 2 HHE2 2 state formulation 2 L.
DD formulation o 2%t 4 7tX| 4+ Ch=1F 2Lk
1) State Space:

state space S : space of all possible capacities
root state © : empty knapsackterminal states
ty : capacity of knapsack after adding n items in feasible state

0 : created when total weight of added items exceeds capacity
2) Transition Functions

ti(sj+1, ) = s; —w; if s; —w; = 0else0
3) Transition Cost Functions

h;:SXD; > R

hi(d;) = v; if s; —w; = 0else0

4) Root Value

v, :0
2| formulation Ofl [t2tA Zf layer 2 SFLEO| item 22 YO|SIH, O|0f 2 0-arc 2 1-arc = 22t item 2 E2X| Y&
P2t E= YRE LIEFHCE State formulation Off [I2} & node 2| current capacity 7t 210, Z+2 layer Off RJCHH =2

StLEC| node 2 FZ8H = ElCHReduced Decision Diagram).

(continued below)
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3. g+ 18

3.1 Exact DD vs Dynamic Programming

Exact DD £ 0N HAZst %, exact solver 22 optimal solution & EHEHSICE [MakA 2 tH| oA & 7| &9
dynamic programming formulation I H|1&}0 computational time performance € H|u &t A} St} 3t 22X 2

A7|Lt E40]| 2 computational time @2 Q1510 Exact DD methodology 2| &EHE S =HQISHCE

3.1.1 Problem Size vs Computational Time

i
>
ot

)

IM= 282l 271; Knapsack Problem 2| item &F =0 & Exact DD 2| computational time &
OISO X} SECE 2 item 2| weight = 1 0| A{ 20 AtO], value & 10 0|4 100 AFO|, 12|11 knapsack 2| capacity & item

weight &2 80%2 2E5 random instance £ A-JULt. 0| 2{Tt instance 2| O|A|= Table 1 Ol Af K| A| I T

Problem Size Capacity Item Index Weight Value
0 8 47
1 4 83
5 38 2 8 84
3 11 56
4 17 94

Table 1: Example test case of knapsack instance
AE 0| AHEEl problem size = n=5, 10, 20, 50, 100, 200, 500, 1000 O|C}. 2 H QIO A 2|2t Z2 instance € 10 7H

MM computational time 2 7| S 3L}

3.1.2 Exact DD vs DP - Varying Problem Size

2= HE 0| M= Exact DD methodology 2 dynamic programming 2| computational time 2 H| W&t X} St}
Problem size 7 ZiT0| D|X|= ®&S oIt nX} ChEH problem size Ol A H|ME RIBYSCE 9|of 242 HHAlo=

random instance & &Y 2 M, problem size 7t n=20, 100, 500, 1000 ¥ & ?0i|Af instance & 10 7H4] YGAUCt.

12




3.1.3 Exact DD vs DP - Varying Capacity

2 AN E F H-HEO| HlWwof A0 knapsack capacity 7t Z21t0]| O|X[= S

—

|| A& capacity & item weight £22| 80%Z 3 2 Ay

-0

capacity O A HlwE ZTIHACE,

MM &l instance 2| item weight 32| 60%(Low), 90%(Mid), 1000%(High), 12|11 2500%(Extreme) 2 &2 TIZHZHC}
Problem size 7} n=20, 100, 1000 & &0 A 2} capacity 1 I0f| ST E|= instance & 10 7H4 M J2HCt

3.2 Relaxed DD vs LP Relaxation

Relaxed DD £ 2H|0f| CH$t relaxation 2 &, original problem 0| Ci$t upper bound £ |

PuLP 2tO|E2{2|2| LP Relaxation 1} H|&}t0] computational time 0| bound quality

A7|L} £40| [HE bound quality/computational time 2 2 2!50{ Relaxed DD methodology 2| & tHE

3.2.1 Width vs Bound Quality/Computational Time

Relaxed DD 2| &8 &l width Of [z} relaxation 2 Z =7t Hs|X|HH, O| £ 218}l bound quality 2t computational time

Hl

[ 2 AEe T

= O —

i
[tot
(o]

+g wherh of

[

rk

HA

00k
mjo

25 g
2 YoM E 3.1 1t 22 HA O R instance E M JBHCH Width 2 240] W=2, 5, 10, 20, 50, 100 € M, problem

size 7t n=100 & B0 Z} weight H Q10 S E|= instance E 10 7§14 “4-J2ULCt.

3.2.2 Node Select Heuristic vs Bound Quality/Computational Time

FOISEIO X} BHCL ‘random’ heuristic &

—

ot

&2 M0 M= Relaxed DD 2| M40f R0 node select heuristic 2] Y&F2

£7% layer 0| Al node & FEHCE MEASIO merge $HCE ‘minLP’ heuristic 2 layer & state 4f(remaining capacity)=

7|Z2 2 313 node £ sorting ot CtE, 7|& width O|L{E S0 2EE state 7 Zf-2 node & merge THCt ‘maxLP’

Z2 dtMoZ XhEohX| 0 B 2 state 7t 2 node & merge BHCL.

heuristic 2 minLP 2} &

]

13




HiAl O

ol
= O

2 instance & ¥4 35IM, random, minLP, maxLP 3 7}X| heuristic Ol CH&}HO]
ALR0IM instance S 10 72 A

problem size 7t n=100, width & W=20

MEHC},

o

3.2.3 Relaxed DD vs LP Relaxation — Varying Problem Size

Width 2} node select heuristic 2

pA vl
B

2 A 0|M = Relaxed DD methodology 2F LP relaxation 2| bound quality/computational time £ H| St 1A} StCt,

3.2.1 103229 ZAME &5 W=20, minLP heuristic 2 £

283U 0|2

3.2.4 Relaxed DD vs LP Relaxation — Varying Capacity
= M0 M= width 2F node select heuristic 2 252}

11

3211t 3229 ZItE 130 W=20, minLP heuristic 2 2
AYULCE 0| A HA2 3132 5 YSICE

3.3 Restricted DD vs Greedy Heuristic

Restricted DD & 2X|0fl Ci$} primal heuristic 2 2, feasible solution/lower bound

£ M2t 2 2tA[of
greedy + local search heuristic 2t H|113}t0{ computational time 0|2 bound quality £
A7|Lt E40| 2 bound quality/computational time 2 2015

2}0I5H0] Restricted DD methodology 2| & tHH
=

2 MO A AHESH greedy + local search heuristic Off Ci$F pseudocode = Algorithm 4 0f

M golst

= -

3.3.1 Width vs Bound Quality/Computational Time

o di
o=

2=Ct ol 2AE

ot

FO|

—

J

Restricted DD 2| A d & width Of| [F2} heuristic 2| Z =7t HE|X|H, O| 2 QI8 bound quality 2 computational
time 25 F%

SPUAL = &9

mjo

zigsiC

—




= MY = 3.1 10 22 LA O = instance M/ dBHCE Width 2| 240] w=2, 5, 10, 20, 50, 100 & [f, problem

—

size 7t n=100 & BN 2} weight #1210 SHZE|= instance & 10 7§14 ‘H-d3ULCt.

3.3.2 Restricted DD vs Greedy Heuristic

FHI

HH 0 M= Restricted DD methodology 2t greedy heuristic 2| bound quality/computational time & H| &1 X}

3.4 Branch-and-Bound Algorithm

MZEO| M= DD 7|8 branch-and-bound algorithm 2 general IP solver 1t H| 15} bound quality/computational
analysis At M2 ZHE MERCE 2L, siY L0252 #ost= oM Hlw XH|7F felojg §= 2 general

IP- methodology Off FIMA7[0l, =2 EnMOM= 71 2B SO[AIS S FH=F5 A} Shet

3.5 Variable Ordering

Variable ordering & DD 7+312| £0| 0] 2% @A, Relaxed DD 2| node select heuristic It 20| X +X&

HIEZ 2 = DD methodology 2| FEtHQl 28d2 =Y = U= YHO|Ch 2 HEU M= greedy heuristic & HIE 22

variable ordering & ZI34Ct. DD 9| initialization It 7| input 2 2 2H2 item list & ‘:a = 0j| Ch5to] sort & ZIESHCE

Ol 7HX|7} & A2 = HEHE[E item(Si0l S0 ZHEO| &S item)S DD 78 30| FG5H0, HHH

hu

node o| == &0|H Relaxed/Restricted DD O = merging/excluding Off 3|22 &2 FOECt 2 MHME

ZHQIH Ol Jayer =M E LIEHHE ‘random’, J12| 1 9|9t 22 HAIO 2 ordering & 8 ‘greedy’ F 7HK|S H|m3HCY,

40

=2 2= 3.1 10t 22 LA 2= instance E 4°d510], problem size n=5, 10, 20, 50, 100, 200, 500, 1000 &

B0 M random, greedy ZfZt0{[ A instance 10 7§ “4-5t0] Exact DD 2| computational time & H| W $HC}
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4. ZAq}

4.1 Exact DD vs Dynamic Programming

4.1.1 Problem Size vs Computational Time

Exact DD = problem size 0 (2 state explosion 22 QI8 2 X0 Chet 20| O ELCt. Problem size 2t

computational time AFO|Q] &A= Table 2, Figure 5 0| A] =+Qlgt o= QULC}

Problem Size Average
Computational Time X i X
Problem Size vs Computational Time
(s)
1000
5 0.00872
. 100 y= 8E-05x2:0068 '
(%) .
10 0.00351 p .
20 0.0189 £ 10 o
: = p=
© .
c 1
50 0.17306 .© R J
:r'é 1 10 ‘.-" 100 1000
100 0.76745 3 01 o
200 3.36704 0.01 P
e
500 25.88351
0.001
Problem Size
1000 124.82017
Table 2: Experiment data for 4.1.1 Figure 5: Graphical representation of 4.1.1 experiment results

S Lot ZHOAM problem size O 2 computational time O W2H F7teh2 = Qlgt = QUL £3|, problem size

n=50 O £ E n=1000 7tX| = O|Atets £2| A E = + UL

4.1.2 Exact DD vs DP - Varying Problem Size

Problem size 0| [t2 Exact DD methodology 2 DP formulation 2| computational time & QIS I, XY

HYUCEE=DP 7t H WSS =l 5= ULCE Problem size Of 2|3t state explosion 2 Exact DD methodology 7t
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Hoohn i, MAA QI 22| F2 time complexity 7+ DP formulation 2Lt H{Z 2% 0| 7|0f 2|et 22 ¥ 40|

o

LIEFCCHD S A ST TPA| X Q1 Z k= Table 3, Figure 6 Of Al ZHQlgt = QICEH

Problem Size Exact DD Average Time (s) DP Average Time (s)
20 0.020533333 0.007772727
100 0.54247 0.06497
500 24.29322 1.58896
1000 98.88433 6.47301

Table 3: Experiment data for 4.1.2

Exact DD vs DP - Problem Size

1000

=
) 100 y =3E-05x21°2%..@
E B S
F 10 et
© 2 y = 3E-05%1.73%
T L
S 10 et 100 1000
é_ 0L e
£ 001 -
o
o

0.001

Problem Size
@® Exact DD Time DP Time ~ «cceceeee Power (Exact DD Time) Power (DP Time)

Figure 6: Graphical representation of 4.1.2 experiment results
S M #=0f et M DP formulation O] B 28X S =Qlg 4= QUCt O|2{et Ait= & YWHE 2+ full state

search O|2t= E 1t G{=0{ Exact DD methodology ¥ 12[E2| EYEE HIEHQ 2 Mg 4= UL}

4.1.3 Exact DD vs DP - Varying Capacity

Capacity Of [-2 Exact DD methodology 2t DP formulation 2| computational time xt0|= X 40 2

—

gag

ol

b
h

YA = Q5 Lottt 2 22 oS X 720X DD methodology 7t &S 7t2 X 20 =Lt

TH Al Alb= Table 4, Figure 7 Of| A &HQIgt 4= QULCH

Problem Size Capacity Type Exact DD DP

20 Low 0.021211 0.002233
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Figure 7-2: Graphical plot of 4.1.3. at mid capacity

18

100 Low 0.61008 0.06613
1000 Low 106.1718 5.51329
20 Mid 0.02569 0.00307
100 Mid 0.69844 0.08804
1000 Mid 109.9733 8.17432
20 High 0.017789 0.0289
100 High 0.75572 0.73011
1000 High 85.25631 81.44012
20 Extreme 0.02735 0.07499
100 Extreme 0.76413 1.85856
1000 Extreme 9497833 233.6725
Table 4: Experiment data for 4.1.3
Exact DD vs DP - Low Capacity
1000
=
o 100 y=3E-05x%1%5..@
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§_ 0L e Y YOO
@ e
E o001 [T e
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0.001
Problem Size
® ExactDD @ DP  eeeeenees Power (Exact DD) ~ ceeeeeeee Power (DP)
Figure 7-1: Graphical plot of 4.1.3 at low capacity
Exact DD vs DP - Mid Capacity
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=
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Exact DD vs DP - High Capacity

s,
s -'f-'l"’""
Y
..-::;:::-""" 100 1000
y =.6E5655<;2:-5515"
: y= 3E_05X2.1585
Problem Size
® ExactDD @ DP  eeceeen Power (Exact DD)  ceececeee Power (DP)
Figure 7-3: Graphical plot of 4.1.3 at high capacity
Exact DD vs DP - Extreme Capacity
..... ®
e T ®
y=0.0002x205% .. L N
RIS L A8
RPN 100 1000
@ e
o y= 5E-Q5x20847
Problem Size
@® ExactDD ® DP  ceeeeeen Power (Exact DD)  cceeceeee Power (DP)
Figure 7-4: Graphical plot of 4.1.3 at extreme capacity
Exact DD vs DP - Problem Size 1000
I-—-u .............. I I l
Low Mid High Extreme
BN Exact DD BN DP ceeecece- Power (Exact DD)  «eecceeee Power (DP)

Figure 7-5: Graphical plot of 4.1.3 at problem size 1000
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Al
= =2

oot

O| A1t Exact DD o & 7ts8E2 E O EL} DD 2| top-down construction 1t FO0{| Al state 7t

node & ™ E|7|0f, capacity 7t =2 X &2

S=E A0 M = LAl DP 2Lt 212 representation £ solution

rr

-

space £ LtEHHCE Figure 7-5 0| A O|2{3t S MAL &l 4= QUCL DP & 2 state £ iteration 2E CHE (0]

capacity 7t =0Lt= &0 computational time O] 20| HX[X|2t, DD & capacity Ofl [I}& computational time 2

ololet Hetor SRUC

Knapsack Problem Of|A]= O|2{gt HEHZ LIEFLEX| T O|2F Z0| state representation 2 & Al E0|X| £5t= DP

=

formulation £ 7t%I 2|0l A Exact DD & &8¢ O|f 2 HQICE TSP o &2 EH| 0| A EET state representation 2

HH SHEAIZ 2 UE representation 22 8% €00 QIS o2 of AEICt

4.2 Relaxed DD vs LP Relaxation

4.2.1 Width vs Bound Quality/Computational Time
Relaxed DD = width O 2} node merging O] £I¥ |04, optimal solution & LIEFL]= path €| node 7F merge

Z| ™ Siofl Tt upper bound 7t M S EICt M2tA, width 7t 2% node 2| =

== HO{X|{ computational time 0=

FEISHX| Bt bound quality & E01& =

tjo
mjo
ia]

atgh 5= QUCH ™ E[= width 2F bound quality/computational

fac)

time AtO| ZtA|= Table 5, Figure 8 O A &3 4= QICH

Width Absolute Relative Gap Computational Time
2 0.05473 0.01037
5 0.04842 0.02146
10 0.05259 0.04862

20 0.04544 0.12056

50 0.03424 0.17372

100 0.00936 0.28126

Table 5: Experiment data for 4.2.1
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Width vs Relative Gap Width vs Computational Time
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Figure 8-1: Graphical plot of 4.2.1 in relation to relative gap Figure 8-2: Graphical plot of 4.2.1 in relation to computational time

O|X & width 7} 745 bound quality = =O0FX|H, computational time 2 B8 AHAZ &olg 4= ULt £,
absolute relative gap 7t < 0.01 H®I2 S0 2= AEO| width & problem size 2t Z0tX|= FYUS 2QI5t0 0|

N7z 2 5 UL

4.2.2 Node Select Heuristic vs Bound Quality/Computational Time

Node select heuristic 2| &2 Table 6, Figure 9 0| Af =tQlgh = QUCE

Heuristic Absolute Relative Gap Computational Time
random 0.05201 0.10107
maxLP 0.05201 0.09311
minLP 0.04335 0.0867

Table 6: Experiment data for 4.2.2
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Comparison of Node Select Heuristic
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Figure 9: Graphical plot of 4.2.2
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4.2.3 Relaxed DD vs LP Relaxation - Varying Problem Size

Problem size 0 [}£ Relaxed DD methodology 2t LP relaxation 2| &2 HLHS If MEEOZ | P relaxation O|

29/0] US2 Bl 4+ ATk FHH QI AT+ Table 7, Figure 10 04 oIt

Problem Size DD Gap LP Gap DD Time LP Time
20 0 0.00847 0.03589 0.06585
100 0.00792 0.00095 0.27351 0.08282
500 0.04416 0.00001 1.59758 0.12939
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1000 0.05086 0 2.99754 0.19716

Table 7: Experiment data for 4.2.3

Relaxed DD vs LP Relaxation - Problem Size
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Figure 10-1: Graphical plot of 4.2.3 in relation to problem size
Relaxed DD vs LP Relaxation - Computational Time
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Figure 11-2: Graphical plot of 4.2.3 in relation to computational time

—

4.1.2 9| DP formulation It= CE2 | LP relaxation 2 problem size 7} &% bound quality 7} Szt =01
2= QUCH MY A2 problem size O A= LP relaxation O] Relaxed DD 2| bound quality =97} M |0, &2

problem size 0 M 2| ASHQ EF7t ERYS MAISH.

=

Computational time Xt 0| A= state explosion 22 215t 2T UHE Relaxed DD 7t H #HeCte g &olg =
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4.2.4 Relaxed DD vs LP Relaxation — Varying Capacity

7| &2 Exact DD 2t Z0| capacity XH*0|A{ DD methodology 2| d&0| 2 Z2X]|

rir

[k

ALt 22{Lt, Z2 problem size WA= Relaxed DD 7} LP relaxation 2Ct 50| 232 &g

relaxation 0| A fractional solution O| Lt&

2% 223t rounding 2| 1HE0f

19| exact Bt solution space & LtEILY 7|0 LMSt= o= HOICH M| H QI Zuk= Table 8, Fi

4 ik,

Capacity 2t

ro

;orer 4 9lct

Capacity DD Relative LP Relative DD Time LP Time
Type Gap Gap
Low 0 0.00713 0.01637 0.04818
Mid 0 0.0069 0.02489 0.04506
High 0 0 0.02625 0.04478
Extreme 0 0 0.01774 0.04431

Table 8: Experiment data for 4.2.4

Relaxed DD vs LP Relaxation - Problem Size 20

Computational Time (s)
o
o
w

I Relaxed DD

......

Power (Relaxed DD)

I P Relaxation

Extreme

Power (LP Relaxation)

Figure 11: Graphical plot of 4.2.4 in relation to capacity type

e £

2H#H =l problem structure 2 OFL| O = Relaxed DD 7t LP relaxation 2 outperform

KW, item 2| weight 2t value 7} correlation 2 7H& 42,

OH

4™ Q| node select heuristic/variable

B, Relaxed DD = &2 problem size 0| A

gure 11 Of| A ZtQlgt

g d2= R

ordering M2 S 2 Relaxed DD 2| 452 =& = UCL =M, 7|=2| 0/1 Knapsack Problem 0| Al =7} QI constraint 7}
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BR0M= LP Relaxation 2| 450 O &X|2 < SXQl instance Of CHSi M= F7F 0| HR3ICH= HE 2

4.3 Restricted DD vs Greedy Heuristic

4.3.1 Width vs Bound Quality/Computational Time

Restricted DD &= width Ofl [}2} node excluding 0| TN &[0, optimal solution & LtEtLH= path € node 7t
exclude =™ 30| CH2t lower bound 7t M[& & Ct. [HEfA, Relaxed DD 2t O ZHX| 2 width 7t 2245 node 2| ==
HO{X|H computational time Ofl= S2/3HX|2F bound quality £ E2E0& = S g 5= UL ™|+ width

bound quality/computational time AtO| ZtH|= Table 9, Figure 12 0| Al 2ol o= QILC},

Width Absolute Relative Gap Computational
Time
2 0.00064 0.00413
5 0.00061 0.01286
10 0.00043 0.01949
20 0 0.03604
50 0 0.08274
100 0 0.15626

Table 9: Experiment data of 4.3.1

Width vs Relative Gap
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Figure 12-1: Graphical plot of 4.3.1 in relation to absolute relative gap
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Width vs Computational Time
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Figure 12-2: Graphical plot of 4.3.1 in relation to computational time

= Ao ZuE &9l Restricted DD 2| bound quality 7} Relaxed DD 2| bound quality = width Of Cigh FetS
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tstsict o

— -

=
[

rir

QULCt E73|, width W=20 £ E Restricted DD = optimum =

instance 0| A= node merging 2| &1t7| node excluding ECt A= M2 sjAgt = ULt Node merging 2|

£ 7 Xl= 2 E path 7t relaxation 2 X|X|2 excluding 2 A0 & AK El path TF F&k2 B

Width 2t computational time 2| 27|= Restricted DD 2} Relaxed DD 7} SAtet2 & = ALt Width 7t HE 5

excluding function 2| A|&4

a7 S0 "™ AL

4.3.2 Restricted DD vs Greedy Heuristic

B Al

2 Ao #XXQl 21t Table 10, Figure 13 Of| A =tQlgh 4= QUL

Problem DD Gap Greedy DD Time | Greedy Time
Size Gap
50 0.00008 0.00209 0.01791 0.000001
100 0.00006 0.00061 0.03671 0.000001
200 0.00001 0.00041 0.07892 0.0002
10000 0 0 4.4436 0.01369

Table 10: Experiment data of 4.3.2
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Relaxed DD vs LP Relaxation - Relative Gap
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Figure 13-1: Graphical plot of 4.3.2 in relation to absolute relative gap
Relaxed DD vs LP Relaxation - Computational Time
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Figure 13-2: Graphical plot of 4.3.2 in relation to computational time
2 MEHO| ZiH= 7|E Relaxed DD 2f H|x3t HEZE HOICE DD methodology 7t bound quality Off L0f & |2/t
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construction IHE S F=7I347]0f| computational time AFROA O =2 =5t0f| QICt O|2{gt WAoo = ZAn}

i

B

A2, problem size Of Ci$t power-regression 0| A| Restricted DD 7t Greedy heuristic 2Lt Zf2 exponent & 7% H

8

A
o

>
Tuot

b = QUL Z= Exact DD 2 DP 2| XIO|M &, Z 2t AO|=0f| =} Z = construction 2 E L} node

™o 27t o HX|H, siE A=A = Restricted DD 7} Greedy heuristic 2Ct WS == JASS A|AtsiCE,

—

O| EESH Relaxed DD 2F OFEHZEA| 2 implementation XA M 2| X[ X2 L2 Aot = UAS A= &It

4.4 Branch-and-Bound Algorithm

2o A A2oM= MM X33 BB Algorithm 2 General IP solver O| & H|m35l0] 2| 22
computational analysis & T/t XL HCH D2fLt, 2 LNE[EFS FHSts AHM A Ml 7HX| 28 7F =l sHCE
2
o

%™, BB Algorithm 2 Relaxed/Restricted DD 9] iterative 42 &

of & &12[S0| H2EHE

q4e 3

2

o [
Tlt

AH

computational time O] 25} 22tZ+Ch EM, node structure 2 overhead 2 XM&S|FX| &1, OfH MZ A

[

0x

St

rir

dez Qs 7[2H 2l computational time O] 0§ Z Lk MM, 0/1 Knapsack Problem 2| formulation 0] /0 &2

=~

width 2 32X 9l relaxation/reduction O| £|0{Of W2 bound 7} M&&| X|TH sHE 2 0= 12{st M2

— =

HE3t7|0f oj242 Fo| ULt

A EXMES Hoot =5 O 2HE 7o HES MAISERAL SCE HM, parallelization T &f1t Ef=0f DD

construction & overhead 2 TI&5}7| 28 node YAl MZS FoIotC} BH=X Q1 DD construction 2| computational

=

time2 Y = A2 Z2Z EH, bound quality 2| St2F2 Relaxed/Restricted DD 2| width 2 =&% = QICt =M, DD
AN F22| ™MEHE Ol optimization It merging/excluding 2=2| optimization & &3 computational time & ¢

ULk ME, DD construction scheme Xt E dynamic ordering 22 784510 ‘44 E| = Relaxed/Restricted DD 2|

depth & 7|21 & iteration =& £ & UL}

Olg{gt 7+3d MeF2 XHEHSICHD Sl = s Y252 EESH7|0l& 71 Ho| 2ot £250| UCH A,
S node & XMAESHE AR ATXH(YDE|F0H M= "Q"2 EANS queue-based(BFS), == stack-based(DFS)2 &t

et g50 X017t A2 A2 2 = QICE 3|, node select heuristic 1} variable ordering 0| 22| Z=gof 2t 0t Xtz
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TEYS NSt X0 2 0| US A2z HOICh =M, #|2| 2 =1t 20| problem structure 0f L& 11 &

4.5 Variable Ordering

2 IR0 M 73St DD £ & Greedy variable ordering scheme 2 Z-&3ULCH &2 A3 0| A= greedy scheme O] 2

rot

random scheme 2| X}O|E =I5t At otCt 2 AR O| XX QI Zut= Table 11, Figure 14 O A =tolgt 4= QUC}

Problem Size Random Time Greedy Time
5 0.00113 0.00086

10 0.00973 0.00945

20 0.07357 0.0374

50 0.43447 0.37772

100 2.01379 1.39811

200 8.24871 6.34376

500 51.49763 39.32221

Table 11: Experiment data for 4.5

Variable Ordering - Computational Time
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Figure 14: Graphical plot of 4.5 in relation to computational time
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Greedy scheme = final solution Off £0{Z node & BX X2[&0] U0, node SEEZ C =3 == A1 0[0f it
DD 2| %5 size & Y + AUCt= FO|M advantage € 7HEICH &

A0 M X greedy scheme O] random scheme E.C}
welet Zut7p Ligten, 5| 2

-

problem size 245 state explosion 2 X[2| 217} HTICH= S &olg = AUCH

ZHIofl 23l A Relaxed/Restricted DD 2| bound quality/computational time 3 2Holgh ZQ 7t

—

a3
(=)

ordering 1t 0|0j| St= node select heuristic & AF8 S 420 OF 2 21E EY A= o4&

(continued below)
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DD o 730 U0 width & &3l bound quality 2t computational time AFO|2| trade-off & Z &3t 1 O|L,

BB algorithm 1f Z2 S ZE0| U0 XAtz =S +F510] EH &0 LH2 L4s HEL + U 59|,
7|E 4Y20ICt DD YR ES HA=AS M HESI XA St 20| XF 0|2 &AH =8 + ULt

3) Mm, 3 Aol 2840 2 S BH=C Node merging/excluding function O M3 E|= 3l+Lt state
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TOjTCE He e & AUCL
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